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Building blocks of quantum world Quantum states

Bits and qubits

Bit
0 or 1

Qubit
α |0⟩ + β |1⟩
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Building blocks of quantum world Quantum states

Mathematical properties of qubits

|ψ⟩ = α |0⟩+ β |1⟩ =
α
β



|α|2 + |β|2 = 1

eiφ |ψ⟩ ≡ |ψ⟩
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Building blocks of quantum world Quantum states

Dirac bra-ket notation

Let

|ψ⟩ =
[
α
β

]
, |φ⟩ =

[
γ
δ

]
, ⟨ψ| = |ψ⟩† =

[
α, β
]
.

Properties:
▶ inner (scalar) product

⟨ψ|φ⟩ =
[
α, β
] [γ
δ

]
= αγ + βδ,

▶ length √
⟨ψ|ψ⟩ =

√
|α|2 + |β|2 = 1,

▶ outer product

|ψ⟩⟨φ| =
[
α
β

] [
γ δ
]
=
[
αγ αδ

βγ βδ

]
.
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Building blocks of quantum world Quantum states

Representation of qubits
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Building blocks of quantum world Quantum measurements

Measurement

Quantum measurement is a function µ:
▶ from finite set of measurements outcomes A = {ai}n−1i=0

▶ to set the of projection operators P = {Pi}n−1i=0 (where projections satisfy P
2
i = Pi) such that

n−1∑
i=0

Pi = I.
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Building blocks of quantum world Quantum measurements

Measurement

The probability of measuring outcome ai given the quantum system in in state |ψ⟩ is

p(ai) = ⟨ψ|Pi |ψ⟩ .

The state of the quantum system after the measurement outcome ai was obtained becomes

|ψ⟩ai =
Pi |ψ⟩√
⟨ψ|Pi |ψ⟩

.
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Building blocks of quantum world Quantum measurements

Example 1 — part I

We will measure the state

|ψ⟩ =
√
0.7 |0⟩+

√
0.3i |1⟩

by a measurement

A = {0, 1}, P =
{
P0 =

[
1 0
0 0

]
, P1 =

[
0 0
0 1

]}
.

Probabilities of obtaining outcomes 0 and 1

p(0) = ⟨ψ|P0 |ψ⟩ =
[√
0.7 −

√
0.3i
] [1 0
0 0

] [√
0.7√
0.3i

]
= 0.7,

p(1) = ⟨ψ|P1 |ψ⟩ =
[√
0.7 −

√
0.3i
] [0 0
0 1

] [√
0.7√
0.3i

]
= 0.3.
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Building blocks of quantum world Quantum measurements

Example 1 — part II

Conditional states after the measurement

|ψ⟩0 =
P0 |ψ⟩√
⟨ψ|P0 |ψ⟩

=
1√
0.7

[
1 0
0 0

] [√
0.7√
0.3i

]
=
[
1
0

]
|ψ⟩1 =

P1 |ψ⟩√
⟨ψ|P1 |ψ⟩

=
1√
0.3

[
0 0
0 1

] [√
0.7√
0.3i

]
=
[
0
1

]
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Building blocks of quantum world Quantum measurements

Example 1 — part III
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Building blocks of quantum world Quantum measurements

Example 2 — part I

We will measure the state

|ψ⟩ =
√
0.7 |0⟩+

√
0.3i |1⟩

by a measurement

A = {−i,+i}, Q =

{
Q−i =

1
2

[
1 i
−i 1

]
, Q+i =

1
2

[
1 −i
i 1

]}
.

Probabilities of obtaining outcomes −i and +i

p(−i) = ⟨ψ|Q−i |ψ⟩ =
[√
0.7 −

√
0.3i
] 1
2

[
1 i
−i 1

][√
0.7√
0.3i

]
=
1
10
(5−
√
21) ≈ 0.042,

p(+i) = ⟨ψ|Q+i |ψ⟩ =
[√
0.7 −

√
0.3i
] 1
2

[
1 −i
i 1

][√
0.7√
0.3i

]
=
1
10
(5 +
√
21) ≈ 0.958.
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Building blocks of quantum world Quantum measurements

Example 2 — part II

Conditional states after the measurement

|ψ⟩−i =
Q−i |ψ⟩√
⟨ψ|Q−i |ψ⟩

=
1√

1
10 (5−

√
21)

1
2

[
1 i
−i 1

] [√
0.7√
0.3

]
=
1√
2

[
1
−i

]
= |−i⟩

|ψ⟩+i =
Q+i |ψ⟩√
⟨ψ|Q+i |ψ⟩

=
1√

1
10 (5 +

√
21)

1
2

[
1 −i
i 1

] [√
0.7√
0.3

]
=
1√
2

[
1
i

]
= |+i⟩
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Building blocks of quantum world Quantum measurements

Example 2 — part III
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Building blocks of quantum world Quantum evolution

Quantum evolution
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Building blocks of quantum world Quantum evolution

Quantum evolution

Rotation around y-axis

IITiS PAN ask.iitis.pl 21/82



Building blocks of quantum world Quantum evolution

Quantum evolution

Rotation around z-axis
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Entanglement and Bell states
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Building blocks of quantum world Entanglement and Bell states

Composition of quantum systems

Tensor product for two qubit states

|ψ⟩ =
[
α
β

]
= α |0⟩+ β |1⟩ ,

|φ⟩ =
[
γ
δ

]
= γ |0⟩+ δ |1⟩ ,

and their joint state in C2 ⊗ C2

|ψ⟩ ⊗ |φ⟩ =


αγ
αδ
βγ
βδ

 ,
|ψ⟩ ⊗ |φ⟩ =αγ |0⟩ ⊗ |0⟩+ αδ |0⟩ ⊗ |1⟩+ βγ |1⟩ ⊗ |0⟩+ βδ |1⟩ ⊗ |1⟩ ,

|ψφ⟩ =αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ .
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Building blocks of quantum world Entanglement and Bell states

Entanglement

Recall the product state

|ψφ⟩ = αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ ,

and consider another state
|Ψ⟩ = a |00⟩+ b |01⟩+ c |10⟩+ d |11⟩ .

Question
Can we always find coefficients which satisfy

a = αγ

b = αδ

c = βγ

d = βδ?
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Building blocks of quantum world Entanglement and Bell states

Entanglement

Bell State

∣∣Φ+〉 = 1√
2
(|00⟩+ |11⟩).

∣∣Φ+〉 ?= αγ |00⟩+ αδ |01⟩+ βγ |10⟩+ βδ |11⟩ ,
Contradiction

αγ = βδ =
1√
2
,

αδ = βγ = 0.
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Gate model of computation

Gate model

How to perform computations?
▶ Prepare the system in a known state, eg.: |0⟩ ⊗ |1⟩.
▶ Apply quantum gates and partial measurements on the state.
▶ Perform the measurement.
▶ Analyze the result and post-processing.

Example of a quantum circuit

|0⟩ H
Uf

H

|1⟩ H
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Gate model of computation Classical gates

Classical gates
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Gate model of computation Classical gates

Classical gates

x
x

¬x
x

x OR yx

y

x AND yx

y

x⊕ yx

y
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Gate model of computation Single qubit gates

Single qubit gates
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Gate model of computation Single qubit gates

Single qubit gate — unitary gate

How to denote a quantum single-qubit gate?

|ψ⟩ U |ψ⟩

Quantum evolution is time-reversible!

U |ψt=0⟩ = |ψt=1⟩

U† |ψt=1⟩ = |ψt=0⟩
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Gate model of computation Single qubit gates

Rotations

Ry(γ) =
[
cos
(
γ
2

)
sin
(
γ
2

)
− sin

(
γ
2

)
cos
(
γ
2

)]
Rz(β) =

[
e
iβ
2 0
0 −e

iβ
2

]
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Gate model of computation Single qubit gates

Important examples of single-qubit gates

α |0〉+ β |1〉 I α |0〉+ β |1〉
[
1 0
0 1

]

α |0〉+ β |1〉 X β |0〉+ α |1〉
[
0 1
1 0

]

α |0〉+ β |1〉 Y −βi |0〉+ αi |1〉
[
0 −i
i 0

]

α |0〉+ β |1〉 Z α |0〉 − β |1〉
[
1 0
0 −1

]

α |0〉+ β |1〉 P (φ) α |0〉+ eiφβ |1〉
[
1 0
0 eiφ

]
IITiS PAN ask.iitis.pl 34/82



Gate model of computation Single qubit gates

Hadamard gate

H = 1√
2

[
1 1
1 −1

]
, H |0⟩ = |0⟩+|1⟩√

2
, H |1⟩ = |0⟩−|1⟩√

2
.
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Gate model of computation Single qubit gates

Decomposition of a unitary gate

Definition
A square matrix is called unitary iff

UU† = U†U = 1.

Every unitary gate U can be written as

U = RZ(ψ)RY (θ)RZ(∆) = eiϕ/2
[
eiψ 0
0 e−iψ

][
cos θ sin θ
− sin θ cos θ

][
ei∆ 0
0 e−i∆

]
.
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Gate model of computation Single qubit gates

CNOT gate

|x〉 |x〉

|y〉 |x⊕ y〉

in1 in2 out1 out2
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 :

α
β
γ
δ

→

α
β
δ
γ


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Gate model of computation Single qubit gates

Controlled unitary

•

U
U =
[
u00 u01
u10 u11

]

CU21 = |0⟩⟨0| ⊗ I+ |1⟩⟨1| ⊗ U =


1 0 0 0
0 1 0 0
0 0 u00 u01
0 0 u10 u11


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Gate model of computation 2-qubit gates
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Gate model of computation 2-qubit gates

Swap gate

|x〉 |y〉

|y〉 |x〉


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 :

α
β
γ
δ

→

α
γ
β
δ



√
SWAP


1 0 0 0
0 1+i

2
1−i
2 0

0 1−i
2

1+i
2 0

0 0 0 1

 :

α
β
γ
δ

→


α
1+i
2 β +

1−i
2 γ

1−i
2 β +

1+i
2 γ

δ


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Gate model of computation 2-qubit gates

Example of a circuit

|0⟩ H •

|0⟩

1. (H ⊗ I) |0⟩ ⊗ |0⟩ = 1√
2
(|0⟩+ |1⟩)⊗ |0⟩ = 1√

2


1
0
1
0



2.


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



1√
2
0
1√
2
0

 =

1√
2
0
0
1√
2

 = 1√
2
(|00⟩+ |11⟩)
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From algorithm to physical realization Programming stack
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From algorithm to physical realization Programming stack

Programming stack

Algorithm

Implementation

Quantum
assembler

Control program

Physical system
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From algorithm to physical realization QuTiP implementation

QuTiP implementation
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From algorithm to physical realization QuTiP implementation

Implementation

QuTiP implementation of Deutsch’s algorithm for function f(0) = 1, f(1) = 0.

qc = Qub i t C i r c u i t (2 , num cb i t s=1)
qc . add gate ( ”X” , 1)
qc . add gate ( ”SNOT” , 1)
qc . add gate ( ”SNOT” , 0)
qc . add gate ( ”CNOT” , 1 , 0)
qc . add gate ( ”X” , 1)
qc . add gate ( ”SNOT” , 0)
qc . add measurement ( ”M0” , t a r g e t s =[0 ] , c l a s s i c a l s t o r e =0)
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From algorithm to physical realization Quantum assembler

Quantum assembler
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From algorithm to physical realization Quantum assembler

Quantum assembler

OPENQASM 2 . 0 ;
i n c l u d e ” q e l i b 1 . i n c ” ;

q reg q [ 2 ] ;
c r eg c [ 1 ] ;

x q [ 1 ] ;
h q [ 1 ] ;
h q [ 0 ] ;
cx q [ 0 ] , q [ 1 ] ;
x q [ 1 ] ;
h q [ 0 ] ;
measure q [ 0 ] −> c [ 0 ]
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From algorithm to physical realization Quantum physical system

Quantum physical system
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From algorithm to physical realization Quantum physical system

Physical system

Schrödinger equation

iℏ∂Ψ(t)∂t = ĤΨ(t)

▶ H is a Hermitian operator (i.e. H = H†) called Hamiltonian of the system.
▶ Ψ(t) is a wave function of the system
▶ ℏ is the reduced Planck constant
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From algorithm to physical realization Quantum physical system

Physical system

Solution to the Schrödinger equation:

|ψt1⟩ = U(t0, t1) |ψt0⟩ ,
where
▶ |ψt0⟩ — initial state of the system,
▶ |ψt1⟩ — final state of the system
▶ U(t0, t1) — unitary operator driving the system from t0 to t1.

▶ An operator is unitary iff UU† = U†U = 1
▶ If Hamiltonian H is constant between time t0 and t1, then:

U(t0, t1) = e−i(t1−t0)H ,

where eM =
∑∞
k=0

Mk

k! .
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From algorithm to physical realization Quantum physical system

Physical system

H(t) = hx0(t)σ
0
x + hx1(t)σ

1
x + hz0(t)σ

0
z + hz1(t)σ

1
z + J(t)

(
σ0xσ

1
x + σ

0
yσ
1
y

)

|1〉

|0〉

|+〉

|−〉
∣∣+i

〉
∣∣−i

〉

|1〉

|0〉

|+〉

|−〉
∣∣+i

〉
∣∣−i

〉
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From algorithm to physical realization Steering the program

Steering the program
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From algorithm to physical realization Steering the program

Control program

H(t) = hx0(t)σ
0
x + hx1(t)σ

1
x + hz0(t)σ

0
z + hz1(t)σ

1
z + J(t)

(
σ0xσ

1
x + σ

0
yσ
1
y

)

0 1 2 3 4 5 6 7 8

0
x

Control program

0 1 2 3 4 5 6 7 8

1
x

0 1 2 3 4 5 6 7 8

0
z

0 1 2 3 4 5 6 7 8

1
z

0 1 2 3 4 5 6 7 8

0
x

1
x + 0

y
1
y
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Problem of noisy devices A zoo of quantum noisy channels

A zoo of quantum noisy channels
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Uniformly chosen 1000 random pure states.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit flip channel: p = 0.1.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit flip channel: p = 0.2.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit flip channel: p = 0.3.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit flip channel: p = 0.4.

IITiS PAN ask.iitis.pl 57/82



Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit flip channel: p = 0.5.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of phase flip channel: p = 0.3.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of bit-phase flip channel: p = 0.3.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Uniformly chosen 1000 random pure states.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of amplitude dumping channel: p = 0.1.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of amplitude dumping channel: p = 0.3.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of amplitude dumping channel: p = 0.5.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of amplitude dumping channel: p = 0.7.
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Problem of noisy devices A zoo of quantum noisy channels

Qubit channels — zoo

|0〉+ |1〉√
2

|0〉−|1〉√
2

|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉

Rysunek: Action of amplitude dumping channel: p = 0.9.
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Quantum neural networks

Quantum neural networks
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Hybrid quantum–classical computation

IITiS PAN ask.iitis.pl 59/82



Quantum neural networks Hybrid quantum–classical computation

Concept of hybrid computation

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)
IITiS PAN ask.iitis.pl 60/82

https://github.com/XanaduAI/pennylane/


Quantum neural networks Hybrid quantum–classical computation

Gradient — parameter shift rule

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)
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Variational quantum circuits
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Variational quantum circuit

For k ∈ {1, 2, . . . ,K}

|0〉

U
(k)
load(x) U

(k)
var (θ)...

|0〉
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Quantum neural network
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Classification with Quantum Neural Network

Data encoding
A data sample

x = (x1, x2, . . . , xN )

is encoded into a quantum state |x⟩.

Uload(x)

|0〉 Rx(x1) |x1〉

...

|0〉 Rx(xn) |xn〉
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Classification with Quantum Neural Network

Variational gate
A variational gate Uvar(θ) represents transformation of data by our quantum neural network.

U
(k)
var (θ)

R(θ1)

R(θ2)

R(θ3)

R(θ4)
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Mathematical tools of QNNs
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Observable, expectation value

▶ Let O be an observable—a quantum measurement whose labels are real numbers.
▶ Mathematically it is represented as a Hermitian operator i.e.

O† = O.

▶ The expectation value of an observable O in a state |ψ⟩

⟨O⟩|ψ⟩ = ⟨ψ|O |ψ⟩ .

▶ For example if we observe spin of a system, expectation value tells us about the average spin of this
system in a given state.
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Gradients, parameter shift rule

▶ A function
f(θ) = ⟨O⟩U(θ)|ψ⟩

if U(θ) = e−iθG, where G has two distinctive eigenvalues {−r, r} has gradient

∂

∂θ
f = r [f(θ + s)− f(θ − s)] ,

where s = π/4r.
▶ For example for Rx(θ) = e−θiσx/2, and f(θ) = ⟨O⟩Rx(θ)|ψ⟩ the gradient is

∂

∂θ
f(θ) =

1
2
[f(θ + π/2)− f(θ − π/2)] .
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Optimizers

▶ Gradient descent: θ(t+1) = θ(t) − η∇f(θ(t));
▶ Nesterov momentum: θ(t+1) = θ(t) − a(t+1),
a(t+1) = ma(t) + η∇f(θ(t) −ma(t));

With η — the step size, m — the momentum.
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Variational quantum algorithm I 5

theoretical foundation for derivative computations in Pen-
nyLane. In a nutshell, PennyLane makes two circuit evalu-
ations, taking place at shifted parameters, in order to com-
pute analytic derivatives. This recipe works for qubit gates
of the form e−iµP , where the Hermitian generator P has
only two unique eigenvalues (which includes e.g., all single-
qubit rotation gates), as well as continuous-variable circuits
with Gaussian operations7.

If f (x;θ ) = f (µ) is the output of the quantum node, we
have

∂µ f (µ) = c
�

f (µ+ s)− f (µ− s)
�
, (3)

where c, s ∈ R are fixed parameters for each type of gate.
While this equation bears some structural resemblance to
numerical formulas (discussed next), there are two key dif-
ferences. First, the numbers c and s are not infinitesimal,
but finite; second, Eq. (3) gives the exact derivatives. Thus,
while analytic derivative evaluations are constrained by de-
vice noise and statistical imprecision in the averaging of
measurements, they are not subject to numerical issues. To
analytically compute derivatives of qubit gates or gates in
a Gaussian circuit, PennyLane automatically looks up the
appropriate derivative recipe (the numbers c and s) for a
gate, evaluates the original circuit twice (shifting the argu-
ment of the relevant gate by ±s), subtracts the results, and
scales by c.

Numerical derivatives

Numerical derivative methods require only ‘black-box’
evaluations of the model. We estimate the partial deriva-
tive of a node by evaluating its output, f (x;θ ) = f (µ), at
several values which are close to the current value µ ∈ θ (µ
can be either a variable or an input here). The approxima-
tion of the derivative is given by

∂µ f (µ)≈ f (µ+∆µ)− f (µ)
∆µ

(4)

for the forward finite-differences method, and by

∂µ f (µ)≈ f (µ+ 1
2∆µ)− f (µ− 1

2∆µ)

∆µ
(5)

for the centered finite-differences method. Of course, there
is a tradeoff in choice of the difference ∆µ for noisy hard-
ware.

User API

A thorough introduction and review of PennyLane’s API
can be found in the online documentation. The documen-

7 For cases that do not fall into the above two categories, using an ancilla
may provide an alternate strategy to evaluate derivatives [42]. This
option is not currently implemented in PennyLane.

FIG. 6: Variational circuit of the qubit rotation example.

tation also provides several examples for optimization and
machine learning of quantum and hybrid models in both
continuous-variable and qubit architectures, as well as tu-
torials that walk through the features step-by-step.

Optimization

To see how PennyLane allows the easy construction and
optimization of variational circuits, let us consider the
simple task of optimizing the rotation of a single qubit —
the PennyLane version of ‘Hello world!’.

The task at hand is to optimize the variational circuit of
Fig. 6 with two rotation gates in order to flip a single qubit
from state |0〉 to state |1〉. After the rotations, the qubit is
in state |ψ〉= R y(φ2)Rx(φ1)|0〉 and we measure the expec-
tation value

f (φ1,φ2) = 〈ψ|σz |ψ〉= cos(φ1) cos(φ2)

of the Pauli-Z operator. Depending on the variables φ1 and
φ2, the output expectation lies between 1 (if |ψ〉 = |0〉)
and −1 (if |ψ〉= |1〉).

PennyLane code for this example — using the default au-
tograd interface for classical processing — is shown below
in Codeblock 1. It is a self-contained example that defines a
quantum node, binds it to a computational device, and op-
timizes the output of the quantum node to reach a desired
target.
Internal Server Error

1 import pennylane as qml
2 from pennylane.optimize import

GradientDescentOptimizer,→
3

4 # Create device
5 dev = qml.device('default.qubit',

wires=1),→
6

7 # Quantum node
8 @qml.qnode(dev)
9 def circuit1(var):

10 qml.RX(var[0], wires=0)
11 qml.RY(var[1], wires=0)
12 return qml.expval.PauliZ(0)
13

14 # Create optimizer
15 opt = GradientDescentOptimizer(0.25)
16

17 # Optimize circuit output
18 var = [0.1, 0.2]
19 for it in range(30):
20 var = opt.step(circuit1, var)

impor t penny l ane as qml
from penny l ane . op t im i z e impor t G rad i en tDe s c en tOp t im i z e r
from penny l ane impor t numpy as np
# Crea te d e v i c e
dev = qml . d e v i c e ( ’ d e f a u l t . qub i t ’ , w i r e s =1)
# Quantum node
@qml . qnode ( dev )
de f c i r c u i t 1 ( va r ) :

qml .RX( va r [ 0 ] , w i r e s =0)
qml .RY( va r [ 1 ] , w i r e s =0)
r e t u r n qml . e x p v a l ( qml . Pau l iZ ( 0 ) )

# Crea te o p t im i z e r
opt = Grad i en tDe s c en tOp t im i z e r ( 0 . 2 5 )
# Opt imize c i r c u i t output
va r = np . a r r a y ( [ 0 . 5 , 0 . 2 ] , r e q u i r e s g r a d=True )
f o r i t i n range ( 3 0 ) :

va r = opt . s t e p ( c i r c u i t 1 , va r )
p r i n t (” Step {}: c o s t : {}”. fo rmat ( i t , c i r c u i t 1 ( va r ) ) )

Source: arXiv:1811.04968
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Variational quantum algorithm II

Rysunek: Three optimization strategies: gradient descent, Nesterov momentum optimizer, Adam optimizer
(varinit = (0.5, 0.2)).
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An example of quantum neural network

Dataset
We use an artificial dataset (moons) consisting of two classes.

Data preprocessing
▶ The original feature vectors (single feature for all samples) Xorig are normalized

Xstd =
Xorig −min(Xorig)

max(Xorig)−min(Xorig)

Xscaled = Xstd(max−min) + min,

with min = 0, max = π.
▶ In order to encode as in angle of a qubit rotation.
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An example of quantum neural network

Data encoding gate
▶ Encoding gate Ue(x) transforms data sample x = (x1, x2, . . . , xN ) ∈ RN into data state

|x⟩ = Ue(x) |0⟩⊗N = Rx(x1)⊗Rx(x2)⊗ . . .⊗Rx(xN ) |0⟩⊗N ,

▶ where

Rx(φ) = e−iφσx/2 =
[
cos(φ/2) −i sin(φ/2)
−i sin(φ/2) cos(φ/2)

]
▶ and xi ∈ [0, π].
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An example of quantum neural network

Variational gate
▶ Variational gate Uv(w) entangles the information and is parametrized. Angles w ∈ RN×3×L are the
parameters we want to learn from the data and L denotes the number of quantum layers.

Source: https://github.com/XanaduAI/pennylane/ (Distributed under Apache Licence 2.0)
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An example of quantum neural network

Decision function
▶ The decision function f : RN → R.
▶ f(x; θ) = ⟨O⟩Uv(θ)Ue(x)|0⟩ , with

⟨O⟩Uv(θ)Ue(x)|0⟩ = ⟨0|Ue(x)
†Uv(θ)†OUv(w)Ue(x) |0⟩ ,

▶ Observable O = σz ⊗ 1⊗(N−1).
▶ The classification function
cls : RN → {−1, 1}: cls(x; θ) = sgn(f(x; θ)).
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An example of quantum neural network

Training
▶ The available data are divided into: train and test.
▶ Initial θ-s: w ∼ U(0, 2π).
▶ Cost function

cost
(
(ytraini )i∈ξt , (f(X

train
i,: ; θ))i∈ξt

)
=
∑
i∈ξt

(ytraini − f(Xtraini,: ; θ))
2/|ξt|.

▶ Batches ξt.
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Source code
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Binary classification in pennylane

Imports

from i m p o r t l i b . metadata import r e q u i r e s
from i t e r t o o l s import cha i n

from s k l e a r n import d a t a s e t s
from s k l e a r n . u t i l s import s h u f f l e
from s k l e a r n . p r e p r o c e s s i n g import minmax sca l e
from s k l e a r n . mo d e l s e l e c t i o n import t r a i n t e s t s p l i t
import s k l e a r n . me t r i c s as me t r i c s

import penny l ane as qml
from penny lane import numpy as np
from penny lane . t emp l a t e s . embeddings import AngleEmbedding
from penny lane . t emp l a t e s . l a y e r s import S t r o n g l yEn t a n g l i n g L a y e r s
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Binary classification in pennylane

Data import, preprocessing and splitting

np . random . seed (42)

# c r e a t e the d a t a s e t
X, y = da t a s e t s . make moons (100 , n o i s e =0.1 , r andom sta te=42)

# s h u f f l e the data
X, y = s h u f f l e (X, y , r andom sta te=42)

# no rma l i z e data
X = minmax sca l e (X, f e a t u r e r a n g e =(0 , np . p i ) )

# s p l i t data i n t o t r a i n and t e s t
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Binary classification in pennylane

Building the quantum classifier

# number o f q u b i t s i s equa l to the number o f f e a t u r e s
n qu b i t s = X. shape [ 1 ]

# quantum de v i c e hand l e
dev = qml . d e v i c e ( ” d e f a u l t . q ub i t ” , w i r e s=n qub i t s )

# quantum c i r c u i t
@qml . qnode ( dev )
def c i r c u i t ( we ights , x=None ) :

AngleEmbedding ( x , w i r e s = range ( n q u b i t s ) )
S t r o n g l yEn t a n g l i n g L a y e r s ( we ights , w i r e s = range ( n q u b i t s ) )
r e t u r n qml . e xp v a l ( qml . Pau l iZ ( 0 ) )

def c o s t ( theta , X, e x p e c t a t i o n s ) :
e p r e d i c t e d = np . a r r a y ( [ c i r c u i t ( theta , x=x ) f o r x i n X] )

l o s s = np . mean ( ( e p r e d i c t e d − e x p e c t a t i o n s )∗∗2)
r e t u r n l o s s

# he l p e r f u n c t i o n : r e t u r n s 1 i f x>0 e l s e 0
def sgn ( x ) :

r e t u r n ( x>0)∗1
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Binary classification in pennylane

Training preparation

# number o f quantum l a y e r s
n l a y e r s = 3

# conve r t c l a s s e s to e x p e c t a t i o n s : 0 to −1, 1 to +1
e t r a i n = np . emp t y l i k e ( y t r a i n )
e t r a i n [ y t r a i n == 0 ] = −1
e t r a i n [ y t r a i n == 1 ] = +1

# s e l e c t l e a r n i n g batch s i z e
b a t c h s i z e = 5

# c a l c u l a t e number o f ba t che s
ba t che s = l e n ( X t r a i n ) // b a t c h s i z e

# s e l e c t number o f epochs
n epochs = 5

# draw random quantum node we i gh t s
shape = qml . S t r o n g l y En t a n g l i n g L a y e r s . shape ( n l a y e r s=n l a y e r s , n w i r e s=n qub i t s )
t h e t a = np . random . random ( s i z e=shape , r e q u i r e s g r a d=True )
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Binary classification in pennylane

Training

# t r a i n the v a r i a t i o n a l c l a s s i f i e r

# s t a r t o f main l e a r n i n g l oop
# bu i l d the o p t im i z e r o b j e c t
penny l an e op t = NesterovMomentumOptimizer ( )

l o g = [ ]
# s p l i t t r a i n i n g data i n t o ba t che s
X batches = np . a r r a y s p l i t ( np . a range ( l e n ( X t r a i n ) ) , ba t che s )
f o r i t , b a t c h i n d e x i n enumerate ( cha i n (∗ ( n epochs ∗ [ X batches ] ) ) ) :

# Update the we i gh t s by one o p t im i z e r s t e p
ba t c h c o s t = \

lambda t : c o s t ( t , X t r a i n [ b a t c h i n d e x ] , e t r a i n [ b a t c h i n d e x ] )
t h e t a = penny l an e op t . s t e p ( ba t ch co s t , t h e t a )
l o g . append ({” th e t a ” : t h e t a })
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Binary classification in pennylane

Inference

# conve r t s c o r e s to c l a s s e s
s c o r e s = np . a r r a y ( [ c i r c u i t ( theta , x=x ) f o r x i n X t e s t ] )
y p r ed = sgn ( s c o r e s )

p r i n t ( me t r i c s . a c c u r a c y s c o r e ( y t e s t , y p r ed ) )

IITiS PAN ask.iitis.pl 80/82



Example in python Visualization of learning process

Visualization of learning process
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Learning process
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Learning process

Learning step 2
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Learning process

Learning step 3
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Learning process

Learning step 4
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Learning process

Learning step 5
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Learning process

Learning step 6
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Learning process

Learning step 7
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Learning process

Learning step 8
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Learning process

Learning step 9
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Learning process

Learning step 10
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Learning process

Learning step 15
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Learning process

Learning step 20

0.000 0.785 1.571 2.356 3.142
feature 1

0.000

0.785

1.571

2.356

3.142

fe
at

ur
e 

2

Classification score, accuracy=0.89 

1.0

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8

IITiS PAN ask.iitis.pl 82/82


	Building blocks of quantum world
	Classical and quantum computing
	Quantum states
	Quantum measurements
	Quantum evolution
	Entanglement and Bell states

	Gate model of computation
	Classical gates
	Single qubit gates
	2-qubit gates

	From algorithm to physical realization
	Programming stack
	QuTiP implementation
	Quantum assembler
	Quantum physical system
	Steering the program

	Problem of noisy devices
	A zoo of quantum noisy channels

	Quantum neural networks
	Hybrid quantum–classical computation
	Variational quantum circuits
	Quantum neural network
	Mathematical tools of QNNs

	Example in python
	Source code
	Visualization of learning process


